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Abstract
The in-homogeneous self-similar measure p is defined by the relation

N
=y pjmoS; +pv,
=1
where (p1, ..., p, p) is a probability vector, each S; : R — RY, j = 1,..., N,

is a contraction similarity, and v is a Borel probability measure on R with compact
support. In this paper, we study the asymptotic behavior of the Fourier transforms of
in-homogeneous self-similar measures. We obtain non-trivial lower and upper bounds
for the gth lower Fourier dimensions of the in-homogeneous self-similar measures
without any separation conditions. Moreover, if the IFS satisfies some separation
conditions, the lower bounds for the gth lower Fourier dimensions can be improved.
These results confirm conjecture 2.5 and give a positive answer to the question 2.7 in
Olsen and Snigireva’s paper (Math Proc Camb Philos Soc 144(2):465—-493, 2008).
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1 Introduction and Statement of Results

LetI = {Sy, ..., Sy} be afamily of contracting similarities on R?. It is a fundamental
result in fractal geometry that there exists a unique, non-empty compact set Ky C R?
such that

N
Ky =] 5S;Kp. (1.1)
j=1

see Hutchinson [11]. We call I = {S;} j=1 an iterated function system (IFS) of simi-
larities and Ky the self-similar set generated by I. In order to understand the fractal
structures of self-similar sets, one studies the so-called self-similar measures. More
precisely, given a probability vectorp = (p1, ..., py),ie.all p; > Oand Zj pj=1,
there exists a unique Borel probability measure 1o supported on Ky such that

N
o= pinooS;". (12)
j=1

We say that the measure (g is the self-similar measure generated by (I, p). Self-similar
sets and measures play an important role in the study of fractal geometry and we refer
the reader to [6, 7, 11] and the references therein for the detailed properties of self-
similar sets and measures. Observe that the self-similar measure p( can be viewed as
the unique solution of the following homogeneous equation

N
;L—ijuon_l =0.
j=1
This viewpoint suggests to us the following natural generalization of self-similar mea-

sures.

Definition 1.1 LetI = {Sj};V:1 be an IFS of similarities, let p = (p1, ..., pn., p) be

a probability vector, and let v be a Borel probability measure on R? with compact
support. A Borel probability measure u satisfying the equation

N
=Y pjpoSy =pv (1.3)
j=1

is called the in-homogeneous self-similar measure generated by (I, p, v).

The existence and uniqueness of such measures is well-known, see e.g. [17,
18]. Furthermore, it has been shown that the support of the in-homogeneous self-
similar measure p is equal to the unique non-empty compact set K¢, called the
in-homogeneous self-similar set, such that
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N
Ke=]Jsjkeyuc, (1.4)
j=1

where C is the compact support of the measure v.

In-homogeneous self-similar sets and measures were first introduced by Barns-
ley and Demko in [3], where they considered some examples of in-homogeneous
self-similar measures. In [1, 2], the in-homogeneous terms v and C are called the
condensation measure and the condensation set respectively. One of the most impor-
tant topics in the field of in-homogeneous self-similar measures is to relate various
properties of in-homogeneous self-similar measures to the associated condensation
measures. See [8] for a discussion of box dimensions of in-homogeneous self-similar
measures, and see [17, 25] for L9 spectra and Rényi dimensions.

The Fourier transform of a Borel probability measure 1 on R? is defined by

A(x) == /dei(x’” du(y), xeR?,
R

where (x, y) denotes the Euclidean inner product of x and y. The study of the Fourier
transforms of measures has a long history. In recent years, the behavior of the Fourier
transforms of measures at infinity has received much attention. Li and Sahlsten [16]
gave the sufficient conditions for a self-similar measure u to be a Rajchman measure,
that s, its Fourier transform |z (x)| — Oas |x| — 0. See [15]for a similar discussion of
self-affine measures. In [19], Solomyak proved that almost every self-similar measures
on the real line has a power decay of the Fourier transform at infinity. Varji and Yu [24]
provided quantitative decay rates of Fourier transform of some self-similar measures,
using random walks on lattices and Diophantine approximation in number fields.
Considering the interplay between the behavior of Fourier transform and the absolute
continuity of a measure, that the faster the Fourier transform of a measure tends to zero
the more regular the measure is, we focus our consideration on the Fourier dimensions
of in-homogeneous self-similar measures.

Definition 1.2 For a Borel probability measure 1 on R?, we define the infinity lower
Fourier dimension A (1) of the measure p by

log sup |zx(x)]
A (w) =liminf ————. (1.5)
R—o0

For g € (0, 00), we define the gth lower Fourier dimension A g of the measure
by

1
q

1 _ n)|?d

o8 (ﬁd(B(O, R)) Jpo.Rr) )l x)

—log R

A, = liRnl,iO%f ) (1.6)

where £¢ denotes the d-dimensional Lebesgue measure.
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The Fourier dimension of a measure ; on RY measures the polynomial rate of
decay of Fourier transform of . Usually it is very difficult to calculate the Fourier
dimension bounds directly. During the past 20 years, there has been an enormous
interest in investigating Fourier dimensions of self-similar measures and there is a
huge body of literature discussing this problem, see, for example, Bluhm [4], Hu [9],
Huand Lau [10], Lau [12], Lau and Wang [14], Strichartz [20-23], while the results are
limited in the in-homogeneous case. The main purpose of this paper is to investigate
the asymptotic behavior of the Fourier transform of an in-homogeneous self-similar
measure and relate its gth lower Fourier dimensions to the corresponding self-similar
measure and the condensation measure.

We now proceed to describe our main results in more detail.

1.1 Statement of Results

Throughout this paper, we fix an in-homogeneous self-similar measure u satisfying

N
w= pjnoS; +pv. (1.7)
j=1
where (p1, ..., pn, p) is a probability vector, v is a Borel probability measure on R4

with the compact support C, and {S j}i'v: | 18 an IFS of similarities. Each contraction
similarity S; has the form

ij=rjij+bj, (1.8)
where 0 < r; < 1, A; is an orthogonal matrix, and b; is a vector in R4,

Definition 1.3 We say that an IFS, {S j}yzl, satisfies the open set condition (OSC) if

there exists an open, non-empty and bounded set U such that | J j S;(U) C U and
S;i(U)YNSWU) =@ forall j # k.

Definition 1.4 We say that an IFS, {S j}?’: |» satisfies the equi-contractive condition if
all the contraction ratios r1, . .., ry coincide, i.e. if ry = --- = ry.

Main Theorem. Let u be the in-homogeneous self-similar measure with the conden-
sation measure v. Define ¢ and u by

ijrj_t =1, Zp%rj_“ =1.
J J

Then the following statements hold.

(i) Forall g > 1, we have
A,00) = A, () = min{A, (), 1),
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) fri=---=ry=r, Ay=---= Ay = A, thenforallg > 0,
A,00) = A, () = min{A, (), 1},

i) fry=---=ry=r, Ay =--- = Ay = A and the OSC is satisfied, then
mln{z, éq(")]» if 0<qg <2

AW =1 )

mm{g, éq(v)], if 2<gq.

Recently, Zhang and Xiao studied the infinity lower Fourier dimensions A (i) of
the in-homogeneous self-similar measure  and obtained the following result in [26].

Theorem 1.5 ([26], Theorem 7) Let u be the in-homogeneous self-similar measure,
and let v be the condensation measure. Then

Ay (V) = Ay () = min{A (), 1}.

In [18], it has been shown that in the equi-contrative case the lower bounds for the
infinity lower Fourier dimension A _(u) and the 2nd lower Fourier dimension A, (i)
satisfy analogous equations. It is natural to expect that the similar result holds for an
arbitrary gth lower Fourier dimension A, (). Thus, the authors raised the following
question in [18].

Question 1.6 ([18], Question 2.7) Assume that the OSC is satisfied, r1 = --- =ry =
r>0and Ay =--- = ANy = A, where A is a rotation matrix. Let t be defined by

log(1 —
ijr_[ =1lie t= M.
7 logr

Is it true that

A, (1) = min{A, (v), 1). (1.9)
forall g > 0? Is (1.9) true even if the equi-contractive condition is not satisfied?

Remark 1.7 Note that our Main Theorem (i) and (ii) give an affirmative answer to
the Question 1.6. It is also worth to be stressed that in the case of ¢ > 1, the lower
bound (1.9) for A, 4 () is true even without the open set condition, the equi-contractive
condition and the assumption that A} = --- Ay = A.

The Fourier dimension of self-similar measures satisfying the open set condition

is well understood. In particular, the 2nd Fourier dimension A, (o) of a self-similar
measure pq satisfying (1.2) has received much attention and has been investigated in
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[13, 14, 21-23]. It is proved in [21] that if the OSC is satisfied, then the lower bound
for A,(uo) can be improved as follows:

u
A > —.
Ay (o) > 3

Furthermore, it is also proved that if the equi-contractive condition and some further
conditions are satisfied, then

u
éz(ﬂo) = 5

In view of the above results, it is natural to ask for an in-homogeneous analogue and,
hence, Olsen and Snigireva conjectured that the results on the 2nd Fourier dimension
of the in-homogeneous self-similar measures can be improved as follows.

Conjecture 1.8 ([18], Conjecture 2.5) Assume that the OSC is satisfied, r| = --- =
ry=r>0and Ay =--- = Ay = A, where A is a rotation matrix. We conjecture

Ay(p) > min{g,éz(V)}.

Remark 1.9 Note that our Main Theorem (iii) confirms the Conjecture 1.8.

Our proof of the Main Theorem (iii) relies heavily on the assumption that all the
contractions S; are equal up to translations, i.e., 7} = --- = ry and A} = -+ =
Ap. In fact, we can also prove the similar result without this assumption. For the
compensation, we require the following condensation open set condition, appearing
in [5].

Definition 1.10 We say that an IFS, {S j};\;l, together with a condensation set C,
satisfies the condensation open set condition (COSC), if the IFS satisfies the open set
condition and the open set U can be chosen such that

ccu\(sO.
j

Theorem 1.11 Assume that the IFS together with a condensation set C satisfies the
COSC. Let |1 be the in-homogeneous self-similar measure with the condensation mea-
sure v. Then

. u
850) = Ay(0) = min {2, 2,00}

The paper is organized as follows. Sections 2, 3 and 4 are devoted to the proof of the
Main Theorem (i), (ii) and (iii) respectively. More precisely, in Sect.2, we obtain the
lower and upper bounds for the gth lower Fourier dimensions of the in-homogeneous
self-similar measures, for ¢ > 1. In Sect. 3, we study the lower bounds for éq(,u)
in the case that 0 < g < 1 under the assumption that all the contractions §; are
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equal up to translations, i.e., 71 = --- = ry and A} = --- = Ap. In Sect.4, the
lower bounds for the gth lower Fourier dimensions are improved under the open set
condition. Finally, in Sect. 5, we investigate the IFS satisfying the condensation open
set condition and prove Theorem 1.11.

2 Proof of the Main Theorem (i)

In this section, we study the gth lower Fourier dimensions of the in-homogeneous self-
similar measures and give the proof of the Main Theorem (i). We begin by introducing
some notations that will be used throughout the paper. Let

7" ={1,...,N}",

T:Uﬂ
n

i.e. Z" is the family of all finite strings j = ji ... j, of length n with entries ji €
{1,..., N}, and Z* denotes the family of all finite strings j = ji ... j, with entries
Jc € {1,..., N}. For a finite string j = ji ... jn, let |j| denote the length of j, i.e.
[jl = n, and we write Sj = S, o--- 0 §;,. Then §j is a contraction similarity on R4
and so has the form

Sjx = rjAjx + bj, 2.1

where rj =rj ...rj, € (0,1), Aj = Aj, ... Aj, is an orthogonal matrix and b; is a
vector in R?. Similarly, we define Dj = Dj, --- Dj,- Then it follows easily from (1.7)
that

n—1

pw=y pijpoS; +pY > pjpost 2.2)
lil=n k=0 |j|=k
Taking Fourier transforms on both sides of (1.7), we have
N .
Ax) =" pje™PIaL;x) + po(x), (23)

J=1

where L; =r; A;f and A* denote the conjugate transpose of a matrix A. Taking Fourier

transforms on both sides of (2.2), putting Lj = r; AJik =Lj, ...Lj,wehave

n—1
7(x) = Z pjei(x’b-i)ﬁ(ij) + pZ Z pjei(x’b'”/l)\(lajx). (2.4)
ljl=n k=0 |jl=k

We record one obvious fact, which we will use repeatedly.
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Lemma 2.1 Let {ax}]_, be a finite sequence of positive numbers. Then for any q > 0,
n q n
(o) =m 3t
k=1 k=1
Proof 1t is easy to see that
n

(Zak) <n maxak <n4 Za
k=1

m}

We shall first study the upper bounds for the gth lower Fourier dimensions A, (1)
forallg > 0.

Proposition 2.2 Let i be the in-homogeneous self-similar measure with the conden-
sation measure v. Then A, (v) = A, (1) forall g > 0.

Proof Recall that
N .
A =) pe M PIEL ) + pi).
j=1
Noting that p; € (0, 1), we therefore conclude from Lemma 2.1 that

~ N+1\ [ AN
|v(x>|qs<T+) B+ 1ALl | 2.5)

j=1

Without loss of generality, we may assume that éq(ﬂ) > 0.Fixe € (0, A 4 (w)). It
follows from the definition of A, () that there exists a constant ¢ > O such that

1

- [Z()|9 dx < CR—q(éqw)—ex
L4(B(0, R)) Jp.r)

for all R > 0, whence

1

TARO R 1L ix)|7dx < c(r;R)~1Bq(W)=€)
L4(B(0, R)) Jp.r) J J
Combining these and (2.5), we conclude that

1

. T d
LXBO. ) Jaor N E
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- (N+l)q 1 |A(x)|q dx_,’_Z;/ |A(Lx)|q dx
=)\ B0 Json ~ LYBO.R) Jpom

[ e o

which clearly implies that A, ) = Ay(n) — €. Letting ¢ — 0, the statement
follows. =

We then study the lower bounds for the gth lower Fourier dimensions A, (w) in the
case of ¢ > 1. Note that the open set condition, the equi-contractive condition and the
assumption that A| = - .- = A, play no role in this case.

Proposition 2.3 Let i be the in-homogeneous self-similar measure with the conden-
sation measure v. For all ¢ > 1, we have éq(,u) > min{éq (v), t}.

Proof By taking absolute value in (2.4), we see that

n—1
B < Y plAL+p Y Y pilP(Lix)], (2.6)

lil=n k=0 [jl=k

forall x € R? andn € N. Noting that ¢ > 1, we deduce from (2.6) and Minkowski
inequality that, forall R > Oandn € N,

1 1

(é ek dx)q <> n (; m(ij)\qu)q
L4B©O, R)) Jpo.r) _Ijl— LA(B(0, R)) Jpwo,r)

+”ZZ”’ <£d<B(o R)

k=0 |j|=k

1
D(Ljx) dx) '
B(0,R)

2.7)

Set rmin = Min; 7, Fmax = max; r; and

R, =

T rrlllin
throughout the remaining parts of the proof of Proposition 2.3.
In order to obtain the lower bounds for A, (p), we need to distinguish two cases.
Case 1 We first show that Ay(w) = A ) if 0 < A, (v) < t. Without loss of
generality, we could assume that A (v) > O Fix € € (O (v)) It follows from the
definition of A (v) that there ex1sts a constant ¢ > 0 such that

! D g - v)—€
(G575 o P01 0x) im0,
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for any j € 7% and R > 0. Since éq(v) < t, we have

Pj/

_(—q(\)) €) Zp]rj—t =1. (29)
J

Define s by
Y opiram=1 (2.10)
i

Then it is easy to see that p := s/t € (0, 1]. Using (2.7), (2.8), (2.9), (2.10) and the
fact that |z(x)| < 1, we therefore conclude that

1 q
_— 72 (x)|? dx)
(zd(mo, RD) JB.RY)

n—1

= ij+pZZpJ<£d(B(o R'O))

[V(Ljx)| dx)q

lil=n k=0 |j=k B(O.Ry)
A
A ) D I
k=0 [j|=k

k
n—1
_ —(A,(v)—€) - _
= RN +epY [ Dopir; (R~ B0

< (R +ep(RY) ™ a2,

where, for the last inequality, we used the fact that n < R forn large enough. This
implies that éqw) > éq(v) — 2¢, and letting € — 0 gives the desired result.

Case 2 It remains to show that éq(u) >trift < éq(v). Fix € > 0 small enough.
Then there exists a constant ¢ > 0 such that

1

1 q
YT |A(L,(x))|qu> < c(ryR)™Ba 079,
(ﬁd(B((), R)) Jp.R) HA !

and

1 q
AR R V(L; q .y~ (4, (v)—€)
(Ed(B(O, R)) B(O’R)W(LJ(X)N dx) < c(rjR)™ B4 ,

forany j € Z* and R > 0. Thus, it follows from (2.7) that for all R > O and n € N,
one has
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1

1 i
- 2001 d
(ﬁd(B(o,R» son x)
n k

n—1
—(A — —(A —
< ch(A7(M)*€) § pir; (Bg(w)=e) + CpRi(A v)—e) § pir; (B (=€)
J k=0 \ Jj

2.11)

Arguing by contradiction, we assume that A (u) < 7. Thus, we can choose a
constant €y > 0 such that

2108 rmin
A + ——¢p < t.
A, (1) Tog e
. —t .
Since Zj pjr; = 1, we obtain that
P _ log rmax
—(A,()—€) —(A )+ T min ¢)) 1\ Toarimn €2€0)
Pjrj =< pjrj : )
; ; Fmin

IA

1\ ~(eteo)
(Vmin> '

and

A, (v)—t—e A (v)—t—e
—(A,(n)—€) 4 1 \=¢ 1\~
pjrjqi = E pjr; ( ) =< )
J

"min "min

provided that € > 0 is small enough. Combining this with (2.11), we have

1 .
- 2ol d
(de(o, &) Jooy ) x)

n k
e
~a -0 ~a, (-0 —(8,()-€) (8=
<cR, * pir; " tepRy Y Y by
J k=0 J
A, (v)—t—e
~(A,W+e0) | CPTywin o,

< cR, IO R,

min

1—r

provided that € > 0 is small enough. Thus, A (1) > A, (1) + €o, a contradiction.
This completes the proof. O

Proof of the Main Theorem (i) The proof of the Main Theorem (i) follows immediately
from Propositions 2.2 and 2.3. O
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3 Proof of the Main Theorem (ii)
In this section we prove the Main Theorem (ii) and, thus, we will assume that all the

contractions §; are equal up to translations, i.e., 71y = --- =ry =71, A = --- =
Ay = A. Under this assumption, putting L = r A*, it follows from (2.4) that

n—1
B < Y pilRL" ) +p Y > pilv(Lrx)]

lil=n - k=0 |j|=k G.1)
<(1=p)"+ ) (1= p)PELrs)l
k=0

forall x e R4 andn € N.

Proof We only need to consider the case that 0 < ¢ < 1. In this case, we deduce
from (3.1) that

n—1
B < (1= p)" + Y (1= pHPELre,
k=0

forall x € R? and n € N. Without loss of generality, we may assume that A g > 0.
Fix € > 0. It follows from the definition of éq (v) that there exists a constant ¢ > 0
such that,

1
T T [D(L*x)|7 dx < c(rFR)™1Lq (=0
L4(B(0, R)) Jp(o.r)

for all R > 0 and k£ € N. Thus, we obtain that

1
L4BO, r=)) Jpo.rn
n—1

<A =p" 4+ (- p
k=0

|07 dx

- D(L*x)|? dx
LABO,r=) Jpo,r-)

n—1
<Mt 4 Z pkat . (n=k)q Ay (v)—e) (3.2)
k=0
n—1
<y (,kq-min{f,(é(,(V)*e)}> (r(n*k)qmin{t»(éq(V)*é)})
k=0

1 —qt 1 7q~min{tfe,(éqw)72e)}
n i
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where, for the last inequality, we used the fact that n < r~9"¢ for n large enough.
This clearly implies that A, (1) = min{r — €, A, (v) —2¢}. The statement follows by
letting € — 0, O

4 Proof of Main Theorem (iii)

In this section, we will prove the Main Theorem (iii). As in Sect. 3, we shall assume
thatr; = --- =ry =rand A = --- = Ay = A and set L = rA*. Using this
notation, it therefore follows from (2.4) that

n—1
A =) pie R ) +p Yy Y pie DL ), @.1)

ljl=n k=0 |j|=k

forall x € R¢ and n € N. Furthermore, we also assume that the IFS, {S i} ?/:1, satisfies
the open set condition.

Lemma 4.1 Assume that the OSC is satisfied. Assume further thatry = --- =ry =7
and A1 = --- = Any = A. Then there exists a constant k > 0 such that

|bj, — bj,| = Kr'
forall ji,j, € I" with ji # Jo.

Proof 1t follows from the open set condition that there exist an open, non-empty and
bounded set U such that §;(U) C U forall j,and S;(U) N S (U) =@ forall j # k.
Fix a point x € U and write k = 2dist(x, dU). It is easy to see that k > 0 since U is
open. Hence,

by, — bj,| = S, (x) — Sj, (X))
> dist(Sj, (x), 8S;, (U)) + dist(Sj, (x), S, (U)) = «r”.

This completes the proof. O
Lemma 4.2 Assume that the OSC is satisfied. Assume further thatry = ---=ry =71
and Ay = --- = Ay = A. Let C be the condensation set. Then there exists a constant

No such that for any k € N and i € TF, we have
#lie 1t dissic, 50 =4 < o

Proof Fix xo € C andi € T*. By Lemma 4.1, there exists a constant k > 0 such that
for any ji, jo € ZF with j; # jo,

k
[Sj;x0 — Sj,xo0| = |bj, — bj,| > k1",
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which implies that the collection of balls {B(Sjxo, %/crk)}jezk is pairwise disjoint.
Moreover, if dist($;C, SjC) < r* for some j € T*, then the corresponding ball
B(Sjxo, %Krk) is contained in the ball centered at Sjx¢ with radius (1 + 2 diam C +
%K)I"k. Summing the volume of these balls, it follows that

d d
ieTF  dist(S;C. S; K] (L i 1 kd
#1) €I dist(5C, §;C) <r 3/cr < 1+2d1amC+3/c ree,

which completes the proof. O

The following result is well-known in Fourier Analysis, and we provide a detailed
proof for the convenience of the reader. As usual, the support of f, spt f, is the closure

of {x : f(x) # O}.

Lemma4.3 For any k > O, there exists a non-negative function h : R? — R such
thath > 1 on B(0, 1) and h(x) = 0 for |x| > k.

Proof Let i be a Schwartz function on RY for which Y > 0,spty C B(0,1) and
Lw =2.Letn = |1’p\(x)|2. Then 7 = ¥ * J and therefore, spt7 C B(0, 1), where
¥ (x) = ¥ (—x).Hence, both n and 77 are non-negative, and n(0) = 1’/7(0)2 =(f V)2 =
4. It follows from the continuity that there exists a constant kg < « such that n(x) > 1
for any |x| < k¢. Define h(x) = n(«xox). Then & is non-negative and 2 > 1 on B(0, 1).
Since spt C B(0, 1) and

h(x) = iy ey ),

we have sptﬁ C B(0, kg). Noting that kg < «, the statement follows. O

We shall first prove the following simplified version of the Main Theorem (iii),
which confirms the Conjecture 1.8.

Proposition 4.4 Assume that the OSC is satisfied. Assume further that ry = --- =
ry =rand A| = --- = Ay = A. Let i be the in-homogeneous self-similar measure
with the condensation measure v. Then

o (u
8,0) = Ayg0) = min {2, 2,0}

Proof Without loss of generality, we may assume that A, (v) > 0.Fixe > 0.Itfollows
from the definition of A, (v) that there exists a constant ¢ > 0 such that

1

7RO R D(LFx)1? dx < c(rFR) 222 =€)
L4(B(0, R)) Jp.r)

forall R > Oand k € N.
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Fix o > 0. We first prove that there exist constants C; = Cj(¢€) and C, = Ca ()
such that

1 ; 2
I TRyl dx
d B(O.r—n n Z pje
LABO, r™™) Jpo.r-m ik
< ClrkurZ(n—k)(éz(u)—e) + Czr(n—k)a’ (4.2)

for any integers k and n with 0 < k < n. Define the function ¥ : RY — R by

1
— 4+ 1) if 2;
V() = exp(|x|2_2+ )1 x| <
0 if |x| > 2.

It is easy to verify that v is a non-negative, infinitely differentiable function on R?
with the following properties: (i) ¥ (x) > 1 on B(0, 1); (ii) sptyy C B(0, 2); (iii)
Y(x) <3forallx € R4, Then we have

1
LB, r=) Jpo.rm ‘

o
L4(B, r7) Jpo.rn

2
Z pjei<x’bj>’ﬁ(ka) dx

lil=k

2
Z pjei<x’bj>ﬁ(ka) dx

lil=k

1 )
- n ixby) 1k
= LA(B(0, r—m)) /w(r Y ”X::k pie VL)

1 j s — P |~
= ‘ﬁd(B(() r1)) Z PJ'lez/‘/’(rnx)el<x’le bJ2>|V(LkX)|2dx

¥ (r'x)

2
dx

4.3)

litl=lj21=k
dist(Sj, C.8j, O)<r*
1 b —bi ) i~
+ ‘m Z pjlij/I//(r”x)e’<x’hJ1 bJ2)|v(ka)|2 dx]|.
’ lit1=lj21=k

dist(Sj, C,Sj, C)>rk

By Lemma 4.2 and our choice of i, we have

1 b —bi )~
’701(3(0 ) . rirk / (" x)e Pl (LA ) dx
’ lir|=liz2|=k

dist(Sj, C. S, O)<r*

l .
: 2 i Pi * Za B0 1y i b LK 2 d
=y PR 2B 0, ) B(O,Zr‘”)wj(r *)e V(L x)7 dx
1l=ljal=

dist(Sj, C, S, ) <r*

) Birkhduser



55 Page 16 of 29 Journal of Fourier Analysis and Applications (2023) 29:55

2 : 24
: PitPic \ 7d pe0 ey 3m(LE 21 d
lji1=li2|=k " JZ( 4(B(0, car™)) Jp(0.2rm) o x)
1=lj2]= L4(B

dist(Sj, C.Sj, C)<r*

2 2
P, T Pj | 4 k= —2(8y (1)
< LB fod  3eprkTny 72 (A (0=0)
< ' Z 5 @t
litl=li2|=k
dist(Sj, C.Sj, C)<rk
< Clrk“rz(”*k)(éz(")*g)’ (44)

where C; = 3. 247222~ Njy¢, and where the last inequality follows from the fact
that

2 oA=L Aty ) h

1 |=lj21=k lj1|=k lj2|=k liz|=k i =k
dist(Sj, C,Sj, C)<rk dist(Sj, C,Sj, C)<rk dist(Sj, C.Sj, C)<r
<N 2+ N ;
=0 Py, +No Pj,
lj1|=k lj2|=k
=2Np - rku,

Using the definition of Fourier transform and Fubini’s theorem, we have

/ V(" x)e P TR [H(Lk ) ? dx

— /I/f(rnx)ei<x’hjl_hj2> (/ ei<ka’y>dv(y)> (/ ei(ka,z)dv(Z)) dx
(4.5)
N f / Y (r"x)e S dxdv (y)dv(2)

=y // YT (S)y — Sjp2)dv(y)dv(z),

for all |ji| = |j2| = k. Moreover, if dist(S;, C, S;j,C) > rk, then
P (Sj,y — Sip2)| = " - dist(S;, C, Sj,C) >

for any y, z € C. Since ¥ is compactly supported infinitely differentiable function, it
follows that v is a Schwartz function on R9 and, thus, its Fourier transform 1’/; is also
a Schwartz function. Then there exists a constant C, > 0 such that |fl? x)] < Cylx|™®
for all x € R?. Hence,

1 o
R L / (" x)e b =P [H(L ) 12 dx
' lit|=lj2I=k

dist(Sj, €, Sj, C)=r*
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1 i (x.bi. —bi ) i~
< Z PitPi2 7a g0 ) ‘/ Y (rx)e! PP [H(LEx) 12 dx
lj1I=li2l=k ’
dist(Sj, C, S, C)>rk

! TN
< Z Pji1 Py - Z4BO. 1) // |V (" (S, y — Sjp2))| dv(y)dv(z)

lj1l=liz2|=k
dist(Sj, C, S, C)>rk

C
e =k«
< C7BO.1) r . 4.6)

Combining this with (4.3) and (4.4), the inequality (4.2) follows.
We then show that there exists a constant C3 > 0 such that

lil=k

1

2
- dx < Cyr*, 4.7
LABO, r7) Jpo.r-

for any integers k and n with 0 < k < n. Let « be the constant given by Lemma 4.1,
and let 4 : RY — R be the function for which the conclusion of Lemma 4.3 holds
with . Then we have

! i (x.bj) ?
pje U dx
£2BO, 7)) Js0,n |j|2—k :
< ; h(r"x) Z p,ei<x,bj> 2dx
= LYBO,r™) Jpo.rm i !
- ey |
- h(" it g .8)
= £d<B(o,r—"))/ o ,jz_kpje ’
1 .
. . (x,bj, —bj,)
< Ty 2 e [ e
lj1|=li21=k
1 — —
= TGOy 2 PPk BTGy = bp)).

li1=lj2l=k

If |ji| = |j2| = k with j; # jo, by Lemma 4.1, one has [r ™" (bj, —bj,)| > rerk >k
and therefore, by Lemma 4.3,

o~

h(r~"(bj, — bj,)) = 0.
Combining this with (4.8), we obtain that

1

i (x,bj)
- p.el i]
LA(BO, r=)) Jpo.,n |£( !

2
dx

) Birkhduser
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1
= Ed(B(O 1)) lzl Pj, Pj, - h(r (le _b.]z))
( 7(0) ) p
L£4(B(0, 1)) Pj
h(0)
(Ed(B(O 1))) 49)

This completes the proof of (4.7).
Finally, let us estimate A,(u). Fix p € (0, 1). It follows from (4.1) that

ol <

n—1
+pZ

k=0

Z pjei(x’bj)ﬁ(L'lx)
ljl=n
[on]

>

k=0

Z pjei(x,bﬁ"')\(LkX)
lil=k
n

k=[pn]+1

(4.10)
Z pje”"’bj)'v\(ka) +

lil=k

lil=k

where we write [x] for the largest integer less than x € R. Using Minkowski inequality,
we have

1

1 2
—_ |ﬁ(x)|2dx> <S8+ . (4.11)
(Ed(B(O, r=) JBo.rm b

where

[on]
1

S1=Z d - Zpe bebi) V(ka) dx ),

= LYBO,r=)) Jp©,rn =k
and
1
- 1 ety |
S, = el | g
2= 2 N\ w@o A 2 i€ *

k=[pnl+1 lil=k

. o
Putting o = 1=

n
. - [p ](ClrkurZ(n—k)(Az(v)—e) 1 Czr(n—k)a)%
k=0
Lpn] 1 1
< (Clzrk(g)r(nk)(éz(w6)_|_C22r(nk)‘§>
k=0
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1 H u l o
< (pn + 1) (Clzrn.m1n{2,A2(v)—e} + szr(n—pn)2>

1\ -min§—ea,0)=2¢} | 1\ —(5—€)
<_> L (-) N Re)
r

rn

<C

o=

where, for the last inequality, we used the fact that pn +1 < n+ 1 < r 7" for n large
enough. Similarly, it follows from (4.7) that

. 3 " 1o 171\ (779
< Y (cgr"") < > @< <r—n> ., (4.13)

k=[pn]+1 k=[pn]+1

provided that z is large enough. Combining (4.12) and (4.13), together with (4.11),
yields

. (u ou
Ay(n) > mm[i —€, Ay (V) — 2, 5 —e}.

The statment follows by letting e — O and p — 1. O
We can now prove the Main Theorem (iii).

Proof Without loss of generality, we could assume that A, (v) > 0. Fix e > 0. It
follows from the definition of éq (v) that there exists a constant ¢ > 0 such that

1

SRR D(LF )7 dx < c(rFR)™1Ra M0,
L4(B(0, R)) Jp.r)

forall R > 0 and k € N. Fix p € (0, 1) and recall that

[on] n
A@I< 3| Y gt + 3 |3 et
k=0 " jl=k k=[pn]+1" |jl=k

To prove the statement, we need to distinguish two cases.
Case 1 g > 2. In this case, using Minkowski inequality, we obtain that

1 q
- - TG4 d
(M(B(o,r")) p0yn P! x)

q

[pn]
1 . q
< - . l(x,bj)A Lk d
=2 | zzor 0 2 P MIRLE| A ) a1
k=0 ’ lil=k
n 1 . q q
+ - - pie' "0 dx
Z L4(B, 7)) Jpo.rn Z !

k=lpn]+1 lil=k
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Set @ = %. We follow the proof of (4.2), replacing A, (v) therein by A, (v), and
therefore, we obtain that there exist constants C| and C, such that

1 ; 4
- - . (X,bj)’\ k
pie V(L*x)| dx
LABO,r™) Jpo.rm ”2::,{ !
1 . 2 (4.15)
< pije’ U D(L*x)|7 dx
LABO, 7)) Jpo.r ‘ |jZ:k !
< Clrkurq(n—k)(éqw)—e) + Czr(n—k)oz-
Similarly, it follows from (4.7) that there exists a constant C3 such that
LB, r=) Jpo.rn) ik
. 5 (4.16)
S T pie' -l dx < Gyt
LABO, r7™)) Jpo.r-m Z J

lil=k

Now we go word by word along the final part of the proof of Proposition 4.4, replac-
ing (4.11), (4.2) and (4.7) therein by (4.14), (4.15) and (4.16) respectively, and we
obtain

1 q
- 20019 d
<£d(3(0, r=) JBw©,rm 1) x)

Loy Tmingmed,m=2¢) 1= 1\ (e
7 q
el (1) e () T ()T

provided that n is large enough, and hence, éq () > min{%, éq(v)}.
Case 2 0 < g < 2. In this case, by Lemma 2.1, we obtain that

o

1

LB, r™) Jpo,rm
[on] 1

ey -

=D Y Fig0 )

()| dx

_ q
Z pje’(x’bj)’\?(ka) dx (4.17)

ljl=k

B(O,r—")

1

Ho+DT Y oo
etpnt1 £ BO 7))

q
dx.

jl=k

B(0,r=m)

Seta = lp_ ”p. It follows the proof of (4.2) again that there exist constants C; and C;
such that

1

q
B B — dx
LABO, 7)) Jpo.r-n

Z pjei(x’h”'v\(ka)
lil=k

) Birkhduser
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lil=k

lil=k

2 :
|ﬁ<L’<x>|Q) (LA dx

1
LB, ™) Jpo.m (

q

1

2
< [D(LFx)|7 dx
LABO, r7) Jpo.rm

2—q

1 2
VY [ — D(LFx)|4 dx)
<£d(3(0, r=™) JBo,rm

4 _
< (Clrkurq(n—k)(éqw)—e) 4 Czr(n—k)a)Z .C(rk—n)—q(éq(v)—e)‘qu (4.18)

Moreover, it follows from (4.7) that there exists a constant C3 such that

q

1

q
B Dy —— dx
L4(BO,r) Jpo,rm

lil=k

(4.19)

1
2

1 2
ku
dx <Csrz.

N\ z@o =
LAYBO, r=)) Jp©,r—n

ljl=k

Again, we go word by word along the final part of the proof of Proposition 4.4,
replacing (4.11), (4.2) and (4.7) therein by (4.17), (4.18) and (4.19) respectively, and
we obtain that, if 0 < g < 2,

8, (1) = min{Z, A, ).

This completes the proof. O

Remark 4.5 Moreover, in our Main Theorem and Proposition 4.4, the assumptions that
all the contractions S are equal up to translations can be replaced by a slightly weaker
assumption that all the rotations A; generate a finite group with m elements. Indeed,
define

<Aj>={By,..., By}.

We can always write the iterative formula as a sum of m sums, that is,

n—1
A =Y pie ™ PRLp) +p Y Y piel V(L)

lil=n k=0 |jl=k
m n—1

=3 | X meacBo+pYy. Y pe™O0F B
I=1 \ljl=n.Aj=B k=0 |jl=k,Aj=B,
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Then we can repeat the above argument for each of the m smaller sums, which leads
to the same result.

5 The Condensation Open Set Condition

In this section, we prove Theorem 1.11. Therefore, we assume that the IFS, {S; }II.V: 1
together with the condensation set C, satisfies the COSC, i.e. there exists a non-empty,
open and bounded set U such that S;(U) C U forall j, S;(U) N S (U) = @ for all
J # k, and such that

ccu\|Js;@.

We would like to emphasize that we will not assume that the equi-contractive condition
holds in this section, and thus, all the contracting ratios, {rj : j € Z"}, of strings of
length n are not comparable as n goes to co. However, we can more or less replace
the equi-contractive condition and the set Z" by introducing the concept of §-stopping
set.

Given § € (0, 1), we define the §-stopping set, I's, by

Ts={jeZl*:ry<8<ri},

where j— = (j1, .., jk—1) for j = (j1, ..., jx). Then it is easy to see that
dopirt=1. .1)
Jjels

Furthermore, let As denote the set of all prefixes of strings in I's, i.e. As = {j € Z* :
rj > &}. Using this notation, it follows from (1.7) that

—1 —1
M=ijuon +prjvon )
jels jeAs

and thus,

)] < + . (5.2)

¥ ez
Jels

X ey

JEAs

Observe that the §-stopping set I's plays in the general case the similar role the set Z"
plays in the equi-contractive case.
The following result is a simple consequence of the COSC.

Lemma 5.1 Assume that the IFS, together with the condensation set C, satisfies the
COSC. Then there exists a constant k > 0 such that, for any i, j € T* withi # j, one
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has
dist(S;C, S$;C) > « - min{r, rj}.

Proof Without loss of generality, we could assume that |j| > [i|. Let U be the open
set given by the COSC. If i is a prefix of j, then it follows from the COSC that
SiU N S§iC =¥ and §;C C S;U. Hence,

dist(5;C, $;C) > dist(S;C, 0S;U) = rjdist(C, 9U).
If i is not a prefix of j, then S;U N S;U = (. Hence, we also obtain that
dist(S;iC, S;C) > dist(S;C, 0S;U) = rjdist(C, 9U).

The statement follows by setting k = dist(C, dU). O

Lemma 5.2 Assume that the IFS, together with the condensation set C, satisfies the
COSC. Let U be the open set given by the COSC. Given k > 0, there exists a positive
integer Ng such that for any § > 0 and any i € T's, one has

#1]j € Ts : dist(SU, S;U) < «8} < No.

Proof Since U is open and bounded, we could assume that U contains a ball of radius
a, and is contained in a ball of radius b. Recall that i, = min; r;. It follows from
the definition of §-stopping set that, for any j € I,

Fmind < rj <6,

which implies that each S;U, j € I', contains a ball of radius armis 8, and is contained
in a ball of radius b§. Fix i € I's. If dist(Siﬁ, Sjﬁ) < k6 for some xk > 0, then all of
these Sjﬁ are contained in a ball of radius (45 + «)8. Then, summing the volume of
the corresponding interior balls of radius arp;,d, it follows that

#{j € Ts 1 dist(SiU, SiU) < «8} - (armind)? < (b +1)8)7

which completes the proof. O

We can now prove Theorem 1.11. Note that its proof is similar to that of Proposi-
tion 4.4.

Proof Without loss of generality, we may assume that A, (v) > 0.Fix e > 0.Itfollows
from the definition of A, (v) that there exists a constant ¢ > 0 such that

1

Z7BO.R) [D(Lj) 2 dx < c(rjR)~2B2)79),
LYBO.R) Jpory J
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forall R > 0and j € Z*. Fix p € (0, 1). It follows from (5.2) that, for any § > 0,

> e
jer

mx)| < + ) piel PID(Lx)

jen

+

9

> pie! (L)
jeAr

(5.3)

where I' = T's is the §-stopping set, Ay = {j € I* : § < rj <8} and Ay = {j €
I* : 8 < rj}. To prove the statement, it suffices to show that there exist constants
C1, C2, C3 > 0 such that, for any § > 0 small enough, we have

—1 i(x,bj)~ 2 1 -3
= pie' V(Lo dx | <Ci| <) . (54
Ld(B((),(S 1)) B(O,Sil) .]EZF Fy

1 2 2 N
S b
B0 Jyos| 2 P de | <G (E . 53

JeA

and

1
pu—e

2 \?2 1\~ minf 250 —2¢, 25 |
dx f;(j3 g .

¥ ne ez

1
(ﬂd(B(O, 8~ Jew.sn

jeAr
(5.6)
Indeed, combining these three inequalities with (5.3, we deduce that
Ay() = min {5, Ay(v) —2¢, 5
2 2
Hence, the desired result follows by letting e — 0 and p — 1.
We shall first prove that

D Pt =8 (5.7)

JEAUA,

provided that 8 > 0 is small enough. Indeed, for any j € A; U A;, we have that
d<r < rr‘fllax, and thus,

log 8

il < <&,
log rmax
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provided that 6 > 0 is small enough. Hence,

[5~] 51 [ N k
2. —u 2 —u 2 —u —€
PN URED DD I LRI DI BT
JEAIUA, k=1 |j|=k k=1 \j=1

This proves the inequality (5.7).
To prove (5.4), let k > 0 be the constant given by Lemma 5.1, and 4 : RY — R
the function such that the conclusion of Lemma 4.3 holds with x. Then

1 i (x.bj) ?
S je' UU(Lix)| dx
L4(B(0,571) Jpo.s ZPJ M
jer
1 F (x.bj) ’
S h(8x e \OPIT(Lix) | dx
27805 ) Josn " jezr’” i)
1 / 3 pyeitei ’
<———— [ h(sx) pje' UV (Lix)| dx
d -
L4(B(0,571)) jer (5.8)
1
Sy [ r, e[ reo
Ji.J2€l
dist(Sj, U, Sj, U)<ké
1 ; e )y~ =
+ 'm Z pjlpb/h(c?x)e’(x’bn sz>M(Lj1x)u(Lj2x) dx|.
Ji.J2€l
dist(Sj, U, Sj, U)>Ks
It follows from Lemma 5.2 that
N > / h(sx)d
i Di x) dx
LiBO.5) 4 Hre
Jij2el
dist(8j, U, Sj, U)<k8
~ 2 2
< —h(O) Z Pj; +pj2 5.9)
= LYB©,571) 2 ’

jijael
diSt(Sjl U,sz U)<k$

Noh(0) 57 < Noh(©) o,

S TR o 2P = Facp o 0
L4(B(0,871) jer b7 LA(B(0,871)

where the last inequality follows from (5.1). Consider ji, jo € I with dist(SjIU, szﬁ)
> k8. Arguing as in (4.5), using spt u C U and our choice of /1, we have

/ h(8x)e' P PR oL, ) (L, x) dx
- / / 5~ R (S, y — S5, du() = 0,
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Combining this with (5.8) and (5.9), the inequality (5.4) follows.
Let us prove (5.5). An argument similar to the proof of the inequality (5.4) suggests
that

1

2
B e — dx
L4(B(0,571) Jpo,s-1

> pie (L)
JjeAr

1 [ bi —bi \~ =
= E PirPie” £d(B0.5-1)) 5,1))fh(8x)e’<"' PRI, x)D(Lj,x) dx
JijeeA ’

1 ~
- Z Pi\ Pi - AEOT) //h(S_I(Sjly — 8j,2))dv(y)dv(z).

Jrd2eA
For ji, jo € A1 with j; # jo, by Lemma 5.1, we have

dist(S;,C, Sj,C) > « - min{rj,, rj,} > &6,

[
a

which implies that iz\(é’] (Sj; ¥y — Sj,2)) =0 forany y, z € C. Recall that spt v
Hence,

2
dx

1
L4(B0,57Y) Jpos)

¥ e
JEAL

- Z . L RS,y — Sj,2))dv(y)dv(z)
= J1F])2 ﬁd(B(O, ])) J 12

Jidoen

B 1(0) 5
= (B0, 1)) 27

JEAL

< 71\(0) . spu—e
~ L4(B(0, 1)) ’

where the last inequality follows from the fact that

2 2 —u pu —€ qpu
L < 1. <
Z Py = Z piry |07 =678
JEA JEA]

This completes the proof of the inequality (5.5).

To prove the inequality (5.6), let ¢ be a non-negative, infinitely differentiable
function on R? with the following properties: (i) ¥ (x) > 1 on B(0, 1); (ii) spty C
B(0, 2); (iii) ¥ (x) < 3 for all x € RY. Arguing as in (4.3), we have

1

2
B —— dx
L4(B0,571) Jpos)

> e
JjeAr
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1 o~
= Z4(B(0,5-1) > sz/ Y () [D(Ljx)|* dx
' jenr

1 b —bi Vo~ ~
+‘m > PiPi / Yr(@x)e! PP D(Lj, )DL, x) dix |
’ Jij2en2
Ji1#i2
(5.10)
It is easy to see that
1 ~
’ JeA2
24 2 2
< - p.f 3[M(Lix)|? dx
£4(B(0.2571) JXA: Mo

< 3. 2d Z pJ2 . c(rjza—l)—Z(éz(U)—f) (511)

JeAr
<3. 2d=2(A(V)=€) . Z sz”j_u _rju—Z(éz(v)—e) . §2(8(m)—e)
jenr

<3. 2d—2(é2(‘1)—6)c (82A2(v)—3e + 8pu—€> ,

where the last inequality used the inequality (5.7) and the fact that 6 < rj < 1 for
any j € As.

It remains to estimate the second term of the right-hand side of the inequality (5.10).
By our choice of v, it is well-known that ¥, and hence 1’//\ , are both Schwartz functions

on R?. Then there exists a constant C, > 0 such that |f/7(x)| < Cp|x|_% for all
x € R4, Arguing as (4.5), we obtain that
‘m Z pjlij/I//(3x)e’<X’bJ1 bJ2>l)(Lj1x)V(Lj2x)d.x
’ j1.j2€A2
Ji#h
1 ool
= Zoy . 2 Pnpn [ 1TET Sy = Sl odv@ g,
RGN W P18 '
Ji#h
1 _ _pu
< o 2 e [[ Gl S = sl TR,
B

1.J2€A2
J1#i2

It follows from Lemma 5.1 that for any ji, j» € A2 with j; # Jo,
dist(Sj, C, Sj,C) = « min{rj,, rj,} > k8”.
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Hence, we deduce from (5.12) that

1 i s _pi Ve~ S
m Z pjlpjsz(Sx)e’<x’bJ1 b-|2>V(Lj1.X)V(Lj2x)dx
’ j1,i2ens
i1#i2
_ pu
Cporc 1=¢

- .gpu
= ZIBOT) 5P (5.13)

Combining this with inequalities (5.10) and (5.11), the inequality (5.6) follows. O
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