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Abstract

We introduce the notion of (k, m)-gluing graph of two complete graphs G,, G,, and
get an accurate value of the Ricci curvature of each edge on the gluing graph. As
an application, we obtain some estimates of the eigenvalues of the normalized graph
Laplacian by the Ricci curvature of the (k, m)-gluing graph.
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1 Introduction

The Ricci curvature defined on Riemannian manifold plays an important role in the
study of Riemannian geometry, which measures the local amount of non-flatness of
the manifold. Using the Wasserstein distance on a metric space (X, d) with a random
walk m = {m,}ycx, where each m, is a probability measure on X, Ollivier introduced
the notion of coarse Ricci curvature on metric space in [14]. For two different points
x,y€X,

W(m,, my)

Kk(x,y):=1-— dx.y)

’

where W(m,,my) is the 1-Wasserstein distance between m, and m,. The Ollivier
Ricci curvature measures the distance (via the Wasserstein transportation distance)
between two small balls centered at two given points. In the paper [10], using the Ricci
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curvature of the lazy random walk, Lin, Lu, and Yau modified notions of Ollivier Ricci
curvature to a limit version which is more suitable for graphs. They studied the Ricci
curvature over the product space of graphs and random graphs. They also considered
a graph with positive Ricci curvature and proved some properties. Since then, the
study of Ricci curvature for graphs has been part of a trend in graph theory, and many
properties and consequences related to Ollivier Ricci curvature have been obtained on
graph by translating notions from Riemannian geometry to graphs [1, 2, 8, 11-13].

Just as in the case of Riemannian geometry, many important results have been
obtained on graphs with non-negative Ricci curvature or with Ricci curvature bounded
below in [5-7]. Thus, it is meaningful to determine which graph has positive Ricci
curvature or to construct a graph with positive Ricci curvature. Part of the difficulty
of the study about this problem is lacking of examples where explicit computations
are possible. Recently, this problem has been considered by T. Yamada in [17]. It is
well known that the complete graph K,, (n > 2) has positive Ricci curvature. In fact,
k(x,y) =n/(n—1) forany edge (x, y). In [17], T. Yamada started from two complete
graphs K, and K, and connected them by several edges. He called the new graph the
m-gluing graph and obtained the following theorem about the least number of edge
that result in the m-gluing graph having positive Ricci curvature.

Theorem 1.1 ( [17]) For the m-gluing graph K, +, K}, of two complete graphs K,
and K], (n > 5), we have k(x, y) > 0 for any edge (x, y) € E if and only if

n? —2n

n—+2

<m<n-—1.

According the above Theorem, Yamada derived that m—gluing graph has positive
Ricci curvature if and only if m > n — 2 forn = 5,6, andn > n — 3 forn >
6. Motivated by the work of T. Yamada, in this paper, we consider the following
gluing graph of two complete graphs G, G,,, which is called (k, m)-gluing graph.
Suppose G, = (V(G,), E(Gy)) and G|, = (V(G}), E(G)))) be two complete graphs
with vertex sets V(G,), V(G),) and edge sets E(G,), E(G),), respectively. Suppose
V(G,) ={uog,uy,...,u,—1}and V(G;,) = {vg, v1, ..., Uy_1}. We define the (k, m)-
gluing graph G = (V(G), E(G)) as follows:

Definition 1 The (k, m)-gluing graph G, + m G/, of two complete graphs G, G, is
denoted by G(V, E), where (1) the vertex set V = V(G,) U V(G),), (2) the edge set
E = E(Gn) UE(G))U{(uo, vi), (uj,v9) :0<i <k,0<j<m}

We remark that if k = m, then the (k, m)-gluing graph is just the m-gluing graph
studied by T. Yamada. By the estimates of known results, we calculate the Ricci
curvature of each edge based on the definition of the Ricci curvature, we obtain the
following theorem regarding the minimal number of k, m satisfying the condition that
the (k, m)-gluing graph has positive Ricci curvature.

Main Theorem Assume that k = min{k, m} and m = max{k, m}. Then the (k, m)-
gluing graph G+ m G|, has positive Ricci curvature if and only if one of the following
conditions is satisfied:
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(WDk=0m=n—1andn > 2;
Q) k=1landn =2;
B)k>n—-2and2 <n <6;
@ k>n—3andn > 6.

The organization of the paper is as follows: In Sect. 2, we recall some basic facts
about Ricci curvature on graphs. In Sect. 3, we calculate the Ricci curvature of the
(k, m)-gluing graphs and give the proof of the main result. In the last section, we
combine our result and the previous researches, and obtain some estimates of the
eigenvalues of the normalized graph Laplacian by the Ricci curvature on the (k, m)-
gluing graph.

2 Ricci Curvature

Consider an undirected simple finite graph G, denote V (G) and E(G) be the vertex
set and the edge set of G, respectively. For simplicity, we often omit G in V(G) and
E(G). For any u, v € V, we write (u, v) as an edge connecting # and v and set the
neighborhood of u € V by

'uw)={veV:(,v) e E}.

Denote the local degree of G at u by d,,, that is, d, is the cardinality of the set I"(u).
We recall that G is a complete graph if there exists an edge in E(G) connecting any
two vertices in V (G).

Definition 2 Define m,, a probability measure on V by

—_, ifvel(u),
my(v) = dy

0, otherwise,

where d,, is the degree of u, which is equal to the cardinality of the I'"(x). We call
m = {my},cy the simple random walk.

In this paper, we use Ollivier’s method of defining the Ricci curvature, which is defined
by the Wasserstein distance with a random walk m = {m, },cv; see [14].

Definition 3 The 1-Wasserstein distance between any two probability measure p and
v on V is given as follows:

W, v) = igf Z A(u,v)d(u,v),

u,vevV
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where d (x, y) is the graph distance between two vertices x, yand A : V x V — [0, 1]
runs over all maps satisfying

> AW v) = pw),

veV

> A, v) = v().

ueV
Such a map A is called a coupling between u and v.

Remark For any two probability measure i and v on V, there exists a coupling A that
attains the 1-Wasserstein distance W (i, v), and we call it an optimal coupling [9, 15,
16].

A function f on V is said to be 1-Lipschitz if |f(u) — f(v)] < d(u,v) for any
u,v € V. Using 1-Lipschitz functions, Kantorovich and Rubinstein gave the equiv-
alent definition of the 1-Wasserstein distance. It provides us a way to calculate the
lower bound.

Proposition 2.1 The 1-Wasserstein distance between any two probability measure |4
and v on V is written as follows:

W (i, v) = sup ) f @) (p(u) = v(w)),

ueV

where the supremum is taken over all 1-Lipschitz functions on V.

We use similar definition of Ricci curvature as in [14], which can describe the degree
of connection between two distinct vertices.

Definition 4 For two distinct vertices u, v € V, the Ricci curvature of u and v is
defined by

W(my, my)

k(u,v)=1-— FTORD

where W (m,,, m,) is the 1-Wasserstein distance between m, and m,,.

We are interested in whether the (k, m)-gluing graph G(V, E) has positive Ricci
curvature, which requires « (1, v) > 0 for any pair of vertices (u,v) € V x V. The
following proposition implies that it is sufficient to check each edge in E.

Proposition 2.2 (Ollivier [14]) If k (u, v) > k for any edge (u, v) € E and for a real
number k, then k (u, v) > k for any pair of vertices (x,y) € V x V.

Jost and Liu gave the following two theorems which give us a way to estimate the
upper and lower bounds of the Ricci curvature.
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Theorem 2.3 (Jost-Liu [8]) On a locally finite graph, for any pair of neighboring
vertices u and v, we have

1 1 f(u, v) 1 1 g(u, v) d(u, v)
> (1o ——— — B G DS
vz === = U s T et T v a

where #(u, v) is the number of triangles which includes u, v as vertices, and s =
max(s,0), s Vit :=max(s,t), and s Nt := min(s, t) for real numbers s and t.

Theorem 2.4 (Jost-Liu [8]) On a locally finite graph, for any pair of neighboring
vertices u and v, we have

fu, v)

< .
K =94,

3 Ricci Curvature of (k, m)-Gluing Graph
For simplicity of presentation, we set
Tr(uo) ={vi € V(G,) : 1 <i <k} and Tp(vo) ={u; € V(Gy):1<j<m}

for the (k, m)-gluing graph G(V, E) = Gy +x.m G,.
We discuss this question by first investigating the trivial case of n = 2 and k =
m=1.

Proposition 3.1 For n = 2, the gluing graph has positive Ricci curvature if and only
ifk=m=1.

Proof We first claim that the gluing graph G, +1,1 G/, has positive Ricci curvature.
In fact, by the symmetry of the (m, k)-gluing graph, we just need to verify « (g, vo)
and « (ug, u1). We obtain directly from the Theorem 2.3 and 2.4 that

2 1
Kk (1o, vo) = §,K(M0, up) = 3

We next prove that the gluing graph G, +¢,1 G does not have positive Ricci
curvature. A simple observation gives that fi(vg, v{) = 0, and by Theorem 2.4, we get
Kk (vo, v1) < 0.

Similarly, for the gluing graph G, 40,0 G5, we have k (v, v1) < 0. That complete
the proof. O

We only consider the case that n>2 in the following discussion. Due to Proposition
2.2 and the symmetry of the gluing graph, itis sufficient to calculate the following Ricci
curvatures: k (U1, uz), kK (U1, Un—1),k (Un—1, Un—2), k (Ug, Vo), k (Ug, V1), k (1p, u1) and
Kk (ug, Up—1).
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From Theorems 2.3 and 2.4, we can immediately obtain

n—2 _
=1’ if m —0,
K(ui up) = {2, ifm =1,

=l ifm > 1.
2 .
= ifm=0,

KUy, up—1) = % if0<m<n—1,
el ifm=n— L

and

n—2 . _
=1’ if m —0,
2 if0<m<n-—2,

K(Up—1,Up—2) = n_a .
e ifm =l’l—2,
n—1

ifm=n-—1.

=

T.Yamada obtained the following result for the m-gluing graph in [17].

Lemma 3.2 (Yamada [17]) For vertices uy and vy, we have

Zn—2 ifm=k=n-—1,

K (uo, vo) = {2"_1’
? ) 4m—2n+4 . _ o

Now, we calculate « (uq, vg) for the (k, m)-gluing graph.

Proposition 3.3 For ug € V(G,) and vo € V(G),), we have

2n —2 Fm = k = |
1’ ifm=k=n ,
2n —3
L, ifm=n—1,k=n—-2o0ork=n—1,m=n-2,
2n — 1
Cn+m+k)Yim+k—n+2) ik ]

— , Jrk,m<n—1,

K (uo, vo) = (n+m)(n+k)

K+Gn—Dk+2n—1
Qn—1Dn+k)
m2+@Gn—Dm+2n—1
2n —1)(n +m)

s ifm=n—1,k<n-—2,

s ifk=n—1,m<n-—2.

Proof The case of m = k has been shown in Lemma 3.2; thus, our problem reduces
to the case of m # k. Due to the symmetry, we need consider only the case of k < m.
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Let us first consider the case of m < n — 1. Defineamap A; : V x V — R by

1 if x = y € T'(ug) N T (),

n+m?’
m, ifx € V(Gp) \ I'(vo), y = uo,

1 (e - ) if x € T (v0) U T (), v € V(G)) \ Tug),
if x = v,y € V(G)) \ I'(uo),

=il — e ifx € V(G \T(w), y € V(G)) \ T (o),
0, otherwise .

Ai(x,y) = 1
(n+k)(n—k—1)°

It is easy to check that A; satisfies the condition in Definition 3 of 1-Wasserstein
distance, that is, for all u € V, we have

D AL, v) = myy (),

veV

Z A1(v, u) = myy(u).

ueV

Hence, we obtain that

W (mygy, my,)

= i%f Z A, v)d(u, v)

u,veV

1
nm+m)Y((n—m—1)

1 1 1
2 —k—1 -
+2min )n—k—1<n+k n+m>

=(mn-m-—1)

1 1 1 1
kO —k = 1) —— <n+k—n+m>+("—k—1>m
1 1 1
+3—m =D~k =1y [n+k_(n+m)(n—m—1)]

_ 3n2 —dn — m? — mk —2m — k* — 2k
B (n +m)(n + k)

3.1

To prove the other side of the inequality (3.1), we construct a function on V by

3, ifwe V(Gy) \T'(v),
2, ifw e Tp(ve) U f{uol,

, ifo € Ti(uo) U {vo},
0, otherwise.

filw) =

—_—
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It is easy to verify that fj is a 1-Lipschitz function. According to Proposition 2.1, it
follows that

W (g, mg) = sup Y f () (g () — moy (1))

ueV
3n—m-—1) 1 1
>—— ~+2m —
n+k n+k n+m

2 1 1 1
— +k — +
n+m n+k n+m n+k
_ 3n* —dn—m? —mk —2m — k* — 2k
B (n +m)(n+k)

(3.2)

Inequalities (3.1) and (3.2) lead to

3n2 —dn —m? — mk — 2m — k? — 2k

Wiy, myy) = n+m)n + k)

By Definition 4, we derive

_ @n+m+k)ym+k—n+2)
Kk (ug, vo) = P y— ) (3.3)

The next step is considering the case of m = n — 1 and k < n — 2. This case can
be proved by the similar method as employed in the last case. Construct a coupling
between m,,, and m,, by

e if x = y € T(ug) N T'(vo),

Wl)(,,_l)» if x € T'y—1(vo), y = uo,
1 (4 _ #)
Az(x, y) — n—k—1 \ n+k 2n—1 )~

1
(n+k)(n—k—1)
1

#[ %]
n—k—1tn+k 2n—1 Q2n—1)(n—1)+

if x € Ty (uo), y € V(G,) \ T'(uo),
if x = vg, y € V(G)) \ T'(uo),
ifx € Ty_1(v0), y € V(G;) \ T(up),

0, otherwise.
We have
W (g, myy) < Y Ag(u, v)d(u, v)

u,veV

1 Lk 1 1 N 1

T 2n—1 n+k 2n—1 n+k
+2( 1) : 1 1

& nt+k -1 @n-Dn—1

_2? —3n—kn—k +1
o n+kQ2n—1
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Define a 1-Lipschitz function by

2, ifwel,—1(vo),
flw) =11, ifw e Tilup) U {vo, uo},
0, otherwise.

Therefore, the function constructed above can directly deduce the inequality on the
other side, that is,

W (Mg mug) = Y fo(t) (Mg () — moy (u))

ueV
() )
n+k 2n-—1 n+k 2n-—1
1 1
m_Zn—l

2P =3n—kn—k +1
B (n+ky2n—1)

Then
% —kn—3n—k*+1

nm+k)2n—1)

W(m,,,o, mvo) =

It follows that 5
k“+@Bn—Dk+2n—-1
Kk (1o, vo) = . 34
2n—1Dn+k)
Finally, we have to show the case of m = n — 1 and k = n — 2. Evidently, we have
dyy =2n — 2,dy, = 2n — 1 and #(ug, vo) = 2n — 3. By the inequality in Theorem
2.3, we obtain that

( N 1 1 2n—3)
v — J— — —
R0, 1) = m—2 2m—1 2m—2'"
a 1 1 2n —3 +2n—3
m—2 22n—1 2n—1"""2m—1
_2n—3
T oan—1"

Due to Theorem 2.4, it is straightforward to show that

( )<2n—3
Kk (ug, vg) < .
0100 =51
Thus, we get
(0, v0) = 23 (3.5)
ug, vy) = . .
o, 1o 2n —1
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By formulas (3.3), (3.4), (3.5), Lemma 3.2, and the symmetry of the case of k > m,
we conclude that

2n —2 )
> ifm=k=n-1,
2n —1
2n—3’ iftm=n—1l.k=n—2ork=n—1,m=n—2,
2n —1
Cn+m+kym+k—n+2)
K (up, vo) = , ifk,m<n—1,

(n+m)(n+k)
K+Gn—Dk+2n—1
Qn—1Dn+k)
m2+@Gn—Dm+2n—1
@n — 1)(n +m)

ifm=n—1,k<n-—2,

ifk=n—1,m<n-—2.

m}

Corollary 3.4 Forug € V(G,) and vy € V(G),), the Ricci curvature « (ug, vo) > 0 if
andonlyifm +k > n — 2.

Proposition 3.5 When k > 1, for any vertex v € Ty (ug), we have

—n?+kn+2n+2k , n? — k2
) lf‘mz _29
K (o, v) = nn+k) n
’ 22+ mn+kn+4n+ k% +2k f n? — k2 5
, fm< — 2.
n(n +k) n

Proof For simplicity, we may take v = v;. The proof of this proposition follows in a
similar manner, so we omit the simple calculation process. Below we will divide the
proof into three parts by discussing the algebraic relationship among &, m and n.
Part(I): First, we assume that m > n — 3. Based on the above condition, we consider
the case of k < n — 1. Define a coupling A; : V x V — R between m,,, and m,, by

e if x =y e ['(up) N T(vy),
T if x € V(Ga) \ T'(v0). y = uo.
eIt if x = vy, y € V(G))\ T'(uo),

Al(x,y) = %(%—";ﬁk_l), if x € Ty, (vo), y = u,
L(i-h). if x € T (v0), ¥ € ({vo} UTwo)) \ {ui),
wly — a==homm b ifx € Tu(o), y € V(G \ T (uo),
0, otherwise.

Some tedious manipulation yields that

2% —n —k)

W ugp» —
(Mg ) = nn+k)
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In order to get corresponding lower bound for 1-Wasserstein distance between m,,
and m,, , we construct

—2, ifw e V(G)\ {vo, v},

Sil@) =1 -1, ifw e {ug, vo, v1},
0, otherwise,

which can be verified to be a 1-Lipschitz function. Thus we obtain that

2(n* —n —k)

w , =
(Mg, my,) pY—s
By Definition 4 of the Ricci curvature, we get

—n?+kn+2n+2k
n(n +k) '

K (1o, v1) =

Now we turn to the case of k = n — 1, define a coupling between m,,, and m,, by

T ifx =y e ) NT(vy),

T if x € V(Gp) \ T(v0), y = uo,

(n—2)%2n—1)’ if x =v1,y € V(G)) \ {vo, v1},
Are,y) = 4w (=225 ) - if x € T (v0), y = w0,

1(i-55), if x € T (v0). y = v0.

L1 — 55 — oot} X € Tn(o), y € V(G \ {vo, u1},

0, otherwise .

We omit the calculation process due to its tediousness, we get the upper bound estimate
of the 1-Wasserstein distance as follows:

2(n — 1)2
n2n —1)

W(muoa mvl) <

Next, we define a 1-Lipschitz function on V by

-2, ifw e V(G)) \ {vo, v1},
0, if otherwise .

It can easily be checked that

2(n — 1)?

W (my,, my,) > m
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Then
W ) 2(n — 1)2
My, My,) = —————,
LT 2 — 1)
which leads to
( ) 3n—2
k(ug,v) = ——.
0 nn —1)
. .. 272
Part(I1): Second, we discuss the Ricci curvature when 2 nk —2<m<n-3.In
more detail, we assume k < n — 1. Let
ﬁ’ ifx =y eT(up) NT(vy),
=Ty if x € V(Gn) \ T(v0), y = uo,
%(%fﬁ) if x € Ty (v), y = wo,
As(r.y) = w1l — somn=n ) if x € V(Gp) \T'(v0). y € Ti(uo) \ {v1},
m, ifx=vy,ye€ V(G;)\F(MO)7
13 - so=hem ) if x € Ty (v0), y € V(G}) \ T'(uo),
S = = et (G — e )1 i € T(o), v € Tituo) \ o),
0, otherwise ,

which is a coupling between m,,, and m,, . An easy calculation gives

22 —2n — 2k

W(muo»mvl) =< n(n + k)

As we have stated before, we denote a 1-Lipschitz function f3 by

-2, ifwe V(G)) \ {vo, v1},
fa(w) = -1, ifw e {v, v, uo},
0, otherwise .

It derives the corresponding lower bound for the 1-Wasserstein distance as follows:

W )>2n2—2n—2k
My, My, ) = n(n i k)
Moreover,
W ) 2n? —2n — 2k
my,, m =
tor T nn + k)

It follows that
—n?+kn+2n+2k

nn+k)

Kk (ug, v1) =

@ Springer



The Ricci Curvature of Gluing Graph Page 130f28 4

We also need to consider the case where k is equal to n — 1. We claim that « (ug, v1)
is positive in such a case. In fact, we define a coupling between m,, and m,, by

T if x =y € Dug) NT (1),
T if x € V(Gu) \ T(v0). y = uo.
%(%_ 2,},1)» if x € ' (vo), y = vo,
Asx,y) = {5155 — o) if x € V(Ga) \T(vo). y € Ty (0) \ {v1]),
=TT if x = v1,y € Tum1(uo) \ {vr},
oy = & (5= 5591 ifx € Do), v € Dumy@o) \ 1),
0, otherwise .
Thus,
1 1 1
W(mu()’ mm) =< ; + ; - m—1
+2( 1 ! !
n—m— —
2n—1 nn—m—1)
_2(n—1)?
T n@n—1)
On the other hand, let
2, ifwe V(Gy) \ {uo},
Ja@) =11, ifw e {vo, v1, up},
0, otherwise .

It is easy to verify that fy is a 1-Lipschitz function. We, therefore, obtain that

W N 2(n — 1)2
My, My,) = —————.
M T @2 = 1)

Consequently, we obtain that
3n -2
K (ug, v1) = ——,
n2n —1)

which leads to the claim.
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Part(IIl): Finally, it remains the case of m < "zn;kz — 2. Let us first define the
coupling between m,,, and m,, by

! ifx =y e () NT(v),

m:
TR if x € V(Gy) \ (o), y = uo.
1 %_nlﬂ), if x € Ty (vo), ¥y = vo,

At = #_11 (L-). it € V(G \ TG0,y € Futuo) \ ()
e ol ifx =v1,y € V(G \ T'(up),
el - & (L - ifx € (o), v € V(G \ T(wo),
el — e — e (5 - w1 i € VG \ T o),y € VG \ Do),
0, otherwise .

Thus,

3n2 —mn —4n — k* — 2k
n(n+k)

W(muoa mul) =<

We are now in a position to define

3, ifwe V(G \T (v,

2, ifw e Ty (vo) U{uogl,
FHOER "

1, ifw e Tr(ug) U {vol,

0, otherwise ,

which is not hard to verify that f is a 1-Lipschitz function. It leads to

3n2 —mn —4n — k* — 2k
n(n + k)

W(muoy mvl) =

Then
3n2 —mn —4n — k? — 2k

n(n+k)

W(muoa mvl) =

It concludes that

—2n% + mn +kn +4n + k% + 2k

Kk (ug, v1) = YR
Recall the discussion above, we get
—n? +kn+2n+ 2k , n? —k?
TS , ifm > -2,
— nn n
W0 V) =N o2 g ki b An K4 2% n? — k2
, ifm < — 2.
n(n + k) n
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The above proposition tells us, for any vertex v € 'k (ug), k ((ug, v)) > 0 if and only
if

2 2 2
—k -2
m>n —2andk>n "
n n+2
or
2n? —kn —4n — k? — 2k n? —k?
<m< - 2.
n n
That is,
m? —kn —4n — k* — 2k n? —2n
m > and k > . 3.6)
n n—+2
As 5
-2
n—4<n n<n—2,
n+
then

k=n—-—3andn > 6o0rk >n—3.

If k =n—3andn > 6, then we obtain m > 3 by plugging k = n — 3 into the
inequality (3.6).

If k =n — 2, then m > 0 holds for all .

Ifk=n—1,thenm > -3 + % always holds.

In conclusion, we have the following result.

Corollary 3.6 When k > 1, for any vertex v € Ty (ug), k (ug, v) is positive if and only
ifk=n—-3,m>3,n>6o0rk>n-—23.

Similar to Proposition 3.5 and Corollary 3.6, we obtain the following results.

Proposition 3.7 When m > 1, for any vertex u € Ty, (v), we have

—n? 4+ mn+2n+2m 2 _m?

(n +m) ’ Thz 2
_ nn+m n
fe(u, vo) = —2n* + kn +mn + 4n +m? 4 2m if k nt —m? 2
, L < T — <
n(n 4+ m) n

Corollary 3.8 When m > 1, for any vertex u € T',,(Vp), k(u, vo) > 0 if and only if
m=n—-—3 k>3 n>60rm>n-—3.

Proposition 3.9 (1) When m > 1, for any vertex u € I';,(vg), we have

n—1 . n
5 lf‘kf_5
_Jn+k n—2
e (uo, u) = n? —kn + 2k n
- < lf‘k>_a
nn+ k) n—2

thus k (ug, u) > 0.

@ Springer



4 Page 16 0of 28 S.Zhang and Y. Xiao

(2) When k > 1, for any vertex v € Tk (up), we have

n—1

; ifm < ,
_Jn+m n—2
K (vo, v) = n% — mn+2m
—_—, ifm > —,
n(n 4+ m) n—2

thus, k (vg, v) > 0.

Proof (1) By symmetry, we just need to calculate (i, u1). The proofs are almost
identical, the major change being the substitution of the maps we construct for the
estimate of 1-Wasserstein distance between m,,, and m,; .

Provided that k < %, set

2’
#’ ifx =y e ') N (u),
}l_ﬁ’ ifx =u1,y € V(Gy) \ {uo, u1},
nlﬁ—(n—z)(%—ﬁ), if x =u1,y = uo,
Arlx,y) =4 | 1(1 | -
mz—z<z—z@), if x € T (uo), y = uo,
%G_iﬁy if x € Ti(uo), y = vo,
0, otherwise ,
and
1, ifw e Ti(ug) Uur},
Si(w) = .
0, otherwise.

It is easy to check that A is a coupling between m,, and m,,,, and f} is a 1-Lipschitz
function over V. The calculation of this case is not complicated so we omit it here.
Thus,

Wmy,, my,) = kj
n+k
Furthermore,
n—1
K (ug, ur) = Py
If otherwise, that is, k > nnTZ Define a coupling between m,,, and m,,, by
= if x =y eT(up) NT(u1),
eIt if x =u1,y € V(Gp) \ {uo, u1},
Ax(x,y) = /fln’l 1 ?fx © o)y = o
T (; — m) , if x € Tk (up), y = vo,
H(2 = o — arm ) > 1% € Tulwo), y € VG \ {uo, ),
0, otherwise .
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and a 1-Lipschitz function by

=2, ifwe V(Gy) \ {uo, u1},
fz(a))z —1, ifwe {uo,ul,vo},
0, otherwise .

We derive that
2k(n — 1)
W(mu()v mul) = m
An easy computation gives rise to
n? —nk + 2k
K (uo, uy) = ———
n(n+ k)
In summary, we get the conclusion that
— ,i ifk < ——.
(o) = 32 T 4 op - "
—’ > _?
nn+k o n—2

which conclude that « (uq, u1) is always positive. We have completed the proof above.
(2) The proof is similar to (1) thus we omit it. m|

Up to now we have discussed all cases of edges connecting up and any vertex
adjacent to vg. If m is less than n — 1, we point out that the edge connecting u( and
any vertex in V(G,) \ I'(vo) is not symmetrical to the edges mentioned above. That
will be illustrated in the following proposition.

Proposition3.10 Ifm <n — 1l andu € V(G,) \ I'(vy), then

n—2
. (n—2)k—1
nzﬂ, lf’1kT§m<n—l,k§n"TZ,
n“—kn—2n+2k+2 ol
k(o u) = RCETITE fgr=m<n—Lk> ;2.
—kn—3n+k 2k +3
Mo I PR TS i < min @265 ady

(n—1n+k)
Moreover, k (ug, u) is always positive.
Proof For ease of notations, we will restrict ourselves to the proof of k (ug, u,—1). Due
to the long process of proof, we discuss the cases of m =n —2 and m < n — 2 in the

Part(I) and Part(II), respectively.
Part(I): Consider the case of m =n — 2.
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When k < nnTZ’

A](xv )’) =

It turns out that

W(muo» My, ) <

define a coupling between m,, and m,, | by

1
n+k’
1
n+k’

1
(n=2)(n+k)"
1 k

ifx =yel'(u) NT(uy—1),
if x € Tx(up), y = uo,
ifx =vg,y € T'y_2(vo),

ifx =uy—1,y = uo,

n—1 n+k’
- - m ifx =up_1,y € Tn2(vo),
0, otherwise .
k 1 1 k
n+k+n+k+n—l_n+k
+(n—2)[ 1 3 1 3 1 i|
n—1 n+k m—2)n+k)
k+2
Ttk

On the other hand, we denote a 1-Lipschitz function by

Thus, we get

Consequently,

Furthermore,

PR N X (AN
: n 0, otherwise.
k+2
W(my,, my,_,) > m
k+2
W(muov mu,,,l) = n —l—k'
( =12 3.7)
k(ug, Up—1) = . .
0, Upn—1 n+k

When k > nnTz’ we define a coupling A : V x V — R between m,, and m,,_,

by

Az(x,y) =

@ Springer

1
n+k’

k(n—1)°
1

—_

(n—2)(n+k)’
[ S B
k(n—1)4+

_[_

n—2n+k
0’

ifx=yeTl () NTuy—1),
if x € Tk (up), y = uo,

if x € {uy—1,v0}, y € Tu_a(vp),
if x € Tk (ug), y € T'y—2(vo),

otherwise.
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Then the 1-Wasserstein distance is estimated as follows:

1 2 1 !
W ’ < 2k -

(muyq m""*l)_n—l—l—n-i-k_’_ [n—l—k k(n_l)i|
2k +2 1
n+k n—1

On the other hand, we construct a 1-Lipschitz function by

2, ifw e Fk(uo),
fow) =11, ifw e {ug, vo.up—1},
0, otherwise.

It can easily be checked that

W ) > 2k +2 1
Myy, My, ) > - .
Hor = n+k n-—1
As what we have hoped, we obtain that
2k +2 1
W M) = S TR T

It comes to the conclusion that

n? —kn —2n + 2k +2
1) = . 3.8
K (o, un—1) o -1 (3.8)

Part(IT): We now proceed the case of m < n — 2 as in the proof above. In this part,
we consider a detail analysis of the relationship among m, k and n.

Firstly, we start. our discussion by assumption that % <m< %

Denote a coupling between m,,, and m,,, _, by

L. ifx =y €T () NT(p_1),
T En ifx = up—1,y € V(Gy) \ (T'(v0) U {ut—1}),
k(nl,l), if x € Tk(uo), y = uo,

A3 ) =\ s if x = vo, y € T (v0),
i1 — 7% — s ) if x € Tt (up), y € T (vo),
tst — 7 — soreen b X € Tko), y € V(G) \ (T(wo) U {up—1),
0, otherwise.
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We get the upper bound for 1-Wasserstein distance as follows directly from Definition
3.

n+k+n—1 n+k n—l_n—l—k_m(n—{—k)
~|—2(n—m—2)|:1— ! — ! ]

n n+k Mm—m-—2m+k)
_2kn+n—3k—2
=Dtk

1 1 1 1 1 1
W(muovmun,l) =< + +2m

In order to get the lower bound estimate, we denote

=2, ifw e V(Gy) \ {uo, up—1},
f3(a)) - _11 lfwe {uOvunfl,UO},
0, otherwise,

which is not hard to verify that it is a 1-Lipschitz function. So we derive that

2kn4+n—3k -2
nm—Dn+k

W(mu()a munfl) Z

It follows that
2kn +n — 3k —2

(n—1D(n+k)

W(muov mu,,,l) =
Thus, we are led to the conclusion that

n?—2n—kn+2k+2
JUp_1) = ) 3.9
K (uo, un—1) Lo =1 (3.9)

Second, we carry on the following work by considering the case of m < % and

k> 1.
n—2
We define a coupling A4 : V x V — R between m,,, and m,,, , by

: ifx =y € T(uo) N T (un_1),

s
m, ifx =uy—1,y € V(Gyp) \ (T'(vo) U {un—1}),
k(,,l,l . if x € Tk(uo), y = uo,

As(x,y) = ,,]j—ﬁ if x = vo, y € ['im(vo),

il = m (7 = )1 ifx =20,y € V(Ga) \ (Do) U {uta-1}),
—L - L if x € Tk (uo), y € V(Gn) \ (I'(v0) U {utn—1}),
0, otherwise.
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We obtain the inequality

n+k n-—1 n—l_n—l—k

+2[;—m(l — 1>]+2k[1 _ }
n—+k n—1 n+k n+k k(n—1)
_ —(k+1)(m—2n+3)

n n—Dm~+k)

1 1 1 1
W(muos munfl) = — +——+tm

To get the other side, we construct a 1-Lipschitz function f4 : V — R by

[\

, ifw € T(uo) U {vo},
fa@) =11, ifw e {ug, up—1} U T, U(V(G),)\ T (up)),
0, otherwise.

It follows that
—(k+1)(m —2n+3)

(n—1D(n+k)

A routine computation gives rise to the formula

W(muos mun,l) =

n?—kn—3n42k+3+m+mk
JUp_1) = ) 3.10
K (o, tn—1) T hu=1 (3.10)

Third, we discuss the case of m < % and k < 5. Let As be a coupling
between m,,, and m,, , as follows,

el if x =y € D(uo) N T (ty-1),
==l ifx = p—1,y € V(Gn) \ (N (v0) U futn—1}),
- if x € T (uo), y = uo,

As(x,y) =1 5 — A if x = vo, y = uo,

- —, if x = vp, y e i (vo),
T R T G X =0,3 € VG \ (T(o) U {un-1}),
0 otherwise.

It is not difficult to get

2kn +2n —km —m — 3k — 3
n—1Dm+k) '

W(muoy mu,l,l) <

On the other hand, denote f5 a 1-Lipschitz function of V by

=2, ifw e V(G) \ (T'(vo) U {un—1}),
fs(w)=1-1, ifw e, Ul{ug, up—1},
0, otherwise.
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Then
2kn +2n —km —m — 3k — 3

Wmyy, my, ) > (n—1(n+k)

Hence we derive that

2kn +2n —km —m — 3k — 3

W (muyg, my, ) = (n—1)(n+k)

Furthermore,

n? —kn—3n+km+m+2k+3
Kk (uo, up—1) = =D +h . 3.11)

Next, we proceed the proof with the case of % <m<n-—2andk < 5.
Define a coupling between m,, and m,,, , by

— ifx =y e '(u) NT(up—1)

n+k’
ﬁk,ﬂ ifx € Me(uo). y = uo.
[CESNEaE ifx =uy—1,y € V(Gyp) \ ('(vo) U {up—1}),
Ap(x, y) = % if x = v, y = uo,
kn—2k—1

M- (k) * if x = vo, y € [y (vo),

km+m—kn+2k+1
mn—1)(n+k) °

0, otherwise.

ifx =uy—1,y € I'y(vy),

Through a series of simple calculation and simplification, we get

k+2

W(muo, mu,,_1) < ntk

Moreover, we define a 1-Lipschitz function

1, ifw e I'r(up) U{vy, un—1},

folw) = {

0, otherwise.

Due to Proposition 2.1, we obtain

k+2
W(myy, my, ;) > m
Thus,
k+2
W(muo,mu,,_l) = "+ P

@ Springer



The Ricci Curvature of Gluing Graph Page230f28 4

The Ricci curvature of edge connecting uo and u,_; follows by Definition 4, that is,

n—2
k(uo, up—1) =1 —Wmyy, my,_,) = Pl (3.12)
Finally, it remains to show the case when % <m<n—2andk > nnTz We

are almost ready to invoke the proof steps above. Let

- if x =y e T(up) N T (up—1),
4 - ifx =up—1,y € V(Gy) \ (T (v0) U {un—1}),
m, ifx € Fk(uo),yzuo,
P L
G — ) ifx =uu—1,y € L (vo),
m(++k)’ if x =vg,y € ['y(vo),
sl — e ) if x € Tk (uo), y € T (vo),
0, otherwise,

which is a coupling between m,,, and m,,,_,. We derive that

1 1 1
W(muo,munl)f(n—m—2)<n_l _n+k>+n_1

1 ) 1 1
O L)

1 1 1
2k -
+n—|—k+ |:n+k k(n—l)]
_ 2kn+n—3k—2
 (n—Dn+k)

Next we define a 1-Lipschitz function

2, ifw e I'k(ug),
frlw) =11, ifoe{ug, us—1} U (V(G)) \ T'r(uo)),

0, otherwise.

It is not difficult to yield that

2kn +n—3k —2
n—Dn+k)

W(mu()a mM,,f]) Z

Then
2kn +n — 3k —2

(n—1D(n+k)

W(mu() s My, 4 ) =
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Therefore, we get the result that

n? —kn—2n+2k+2
_1) = . 3.13
(0, 1) e (3.13)

In view of the formulas (3.7), (3.8), (3.9), (3.10), (3.11), (3.12), (3.13), it follows
that

K (U0, Up—1)

n—2
e (n=2)k—1
m, lfnk+l §m<n—1,k§n%,
2
n“—kn—2n+2k+2 I
= CEICE , 1f"?§m<n—1,k>n%,

nz_kn_3n+km+m+2k+3 n—2)k—1 n—1

, if m < min{

(n—1)(n+k) Eraabet)

At the end of the proof, we consider when « (uq, u,—1) is positive.

® When “24=1 <m <n —1andk < 5. itis easy to find that k (o, un—1) is
always positive.

n—1 n .
@Whenm <m<n-—1andk > E,Smce

n?—2n+2
k<n< ———,
n—2

thus, « (ug, u,—1) > 0 in this case.
® When m < min{ ("_k?]l‘_l, ﬁ}. We claim that k < n — 3.
If k =n — 1, then

Con?=3n+1 n-1 n—1
m < min{ , } < <1,

n n n

which leads to a contradiction.
If k =n — 2, then )
m < min{—— 3 o,
n—1

which also leads to a contradiction. That illustrates the claim.

As(n—3—k)n+2k+3+m-+mk > 0holds when k < n — 3. Then « (ug, t,—1)
is also always positive in the third case.

Therefore, we find that Ricci curvature between ug and u,_; is always positive
for all cases we classify above although the formula may be different. The proof is
completed. O

Similar to Proposition 3.10, we have
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Proposition3.11 If k < n — 1, then k(vo, v) is always positive, for any vertex v €
V(G)) \ T (ug), where

K (vo, V)
n—2
(n—=2)m—1 _n_
n+m’ if S sk<n—1 m= gt
2
n®—mn—2n+2m-+2 =1
- m+my(n—1 if pgr sk <n—1lm> %,
2
n —mn—3n+km+k+2m+3’ sz<m1n{(n 2)m l’n—l}.
(I’l _ 1)(l’l T m) m+1

Moreover, k (vg, v) is always positive.

Remark If k = 0and m = n — 1 (n > 2), then it follows from Proposition 3.11 that
Kk (vg, v1) = m , which is the smallest Ricci curvature of the (0, n —1)—gluing
graph.

Proof of Main theorem From the above Propositions 3.1,3.9, 3.10, 3.11, and Corollar-
ies 3.4,3.6, 3.8, we can obtain our main theorem. O

4 Application

In this section, using the lower bound of the Ricci curvature, we derive some estimates
of the eigenvalues of the normalized graph Laplacian.

We firstly introduce some notations. Let G(V, E) be a graph with n vertices. Let
A be the adjacent matrix of G(V, E) and D be the diagonal matrix of degrees. The
normalized Laplacian is matrix L = [ — D~ZAD™2.The eigenvalues of L are called
Laplacian Eigenvalues of G, which are listed as

O=2 <A1 =< ZAy-1-

In [10], Lin-Lu-Yau gave an estimate of the eigenvalues of the normalized graph
Laplacian by the Ricci curvature as follows:

Theorem 4.1 (Lin-Lu-Yau [10], Theorem 4.2) Suppose G is a finite graph and A1 is
the first nonzero Laplacian eigenvalue of G. If for any edge (x, y), k(x,y) >k > 0,
then A1 > k.

Second, for the (k, m)-gluing graph, we obtain the maximum lower bound of the
Ricci curvature of each edge for every (k, m)-gluing graph with positive curvature.
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Theorem 4.2 Assume that G, +r.m G), is a (k, m)-gluing graph with positive Ricci
curvature. Let Kk = miny yyeg € (x, y) and ko = min{k, m}. Then

(n—l)é#—l)’ ifk=0m=n—1,n>2,
3 fk=m=1,n=2,
%’ ifk=m=2,n=3,
= %’ ifkp=n—1,n> 3,
a=me= fko=n—2k#mandn =56,
nzln__—zl)’ ifko=n—-2k#mn#56o0ork=m=n-—2,
mgn—7—63)’ ifkp=n—3,n>6.

Proof We only give a detailed illustration of the case of kp = n—3 and n > 6, because
the other cases can be similarly obtained by substituting values into those formulas
we obtained in the Sect. 3. By Propositions and Corollaries in the Sect. 3, we have

( ) 2(n —4)
k(ug, v9) = ——,
0. %0 2n —3
n—1
K(ul,uz)=K(v1,v2)=T )
(o, 1) = (v, v1) = ——°
ug,uy1) = k(vg,v1)) = ———,
Kk (1o, Uy 0, V1 n2n —3)
(0, 1) = K (o, u1) = ——
K(Ug, v = K(vy, U e
0, V1 0, U1 n(2n —3)
n—2
kUi, up—1) = k(V1, Vy—1) = s
n—2
kUp—2,Up—1) = kK(Vp—2, Vy—1) = ,
n—1
( ) = i ( ) 4
k(uo, un—1) = k(vo, Vy—1) = ——.
0, Un—1 0> Un—1 (n—l)(2n—3)
Comparing these equalities, and we obtain the minimum Ricci curvature k = n(gn—__63)
when kg =n —3 andn > 6. O

Due to the above theorem, we obtain following corollary.

Corollary4.3 Let G(V,E) = G, +k.m G, be a gluing graph with positive Ricci
curvature and Ay be the first nonzero Laplacian eigenvalue of G(V, E). Then A1 > k,
where
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m, fk=0m=n—1,n>2,
%, ifk=m=1n=2;
%, ifk=m=2,n=23;

— 3n—2 . _ .
K = ﬁ, lfk()—l/l—l,l’l>3,

m, ifko=n—2k#mandn=>5,6;

nzln__—21)v ika:n—z,k#m,n#5,6ork:m=n_2;
—n(g;—63)’ ifko=n—3,n>6.
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